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POINTWISE DYNAMICS UNDER ORBITAL CONVERGENCE
ABDUL GAFFAR KHAN1, PRAMOD KUMAR DAS2 AND TARUN DAS1
Abstract. We obtain sufficient conditions under which the limit of a sequence
of functions exhibits a particular dynamical behaviour at a point like expansivity,
shadowing, mixing, sensitivity and transitivity. We provide examples to show that
the set of all expansive, positively expansive and sensitive points are neither open
nor closed in general. We also observe that the set of all transitive and mixing points
are closed but not open in general. We give examples to show that properties like
expansivity, sensitivity, shadowing, transitivity and mixing at a point need not be
preserved under uniform convergence and properties like topological stability and
α-persistence at a point need not be preserved under pointwise convergence.
1. Introduction
The idea of studying the behaviour of a dynamical system from pointwise viewpoint
was initiated by Reddy. In the process of answering a question posed by Gottschalk
to him, he introduced and studied pointwise expansivity, a strictly weaker notion than
expansivity [13]. The power and the beauty of pointwise dynamics got highlighted in
the recent works including [3, 12, 18]. In [3], Akin introduced the concept of chain
continuity at a point which is a stronger version of shadowable point introduced in
[12] by Morales and proved that every chain transitive continuous map with chain
continuity at a point must be equicontinuous [3, Corollary 2.3] which is interestingly
not true for chain transitive systems with shadowable points. A decade later, authors
have introduced [18] the concept of entropy point which worked as a key ingredient
in the proof of [11, Theorem 3]. In this theorem, Moothatu has proved that certain
kind of continuous map with shadowing property has positive entropy. Recently,
Morales has proved that unlike expansivity, a homeomorphism on a compact metric
space has shadowing if and only if each point is shadowable [12]. In [8], the notion
of entropy point is used by Kawaguchi to show that the existence of certain kind
of e-shadowable points implies positive entropy [9]. In [5], authors have studied the
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relation of specification points with Devaney chaotic points and positive entropy of the
system. In the same paper, authors have provided an example of pointwise measure
expansive homeomorphism which is not measure expansive. They have also proved
that mixing at a shadowable point is not sufficient for it to be a specification point,
but mixing of the map forces a shadowable point to be a specification point. Koo
et. al. have recently studied the connection of shadowable points with topologically
stable points and α-persistent points in [7].
Study of a dynamical system deals with the behaviour of an individual orbit but
it is not always possible to track down the real behaviour of each orbit and here, the
role of predicting the nature of an orbit via approximating it by a sequence of points
(pseudo-orbits) or functions comes into picture. Also under natural constraints, the
mathematical modelling of a system induces a discrete or continuous system as an
approximation of the original system. Thus, a natural question arises is to study the
degree of closeness of dynamical behaviour of approximated system and the original
system. Such questions have also been considered in [1], where author has proved that
a uniform limit of transitive maps is transitive [1, Theorem 3.1]. Unfortunately, in an
erratum [2], authors gave a counter example to disprove this result. Also [17, Example
5] disproved [1, Theorem 3.2]. Various sufficient conditions for transitivity, mixing,
sensitivity etc. of limit of a sequence of functions have been studied in [6, 10, 14, 17].
This paper is distributed as follows. Section 2 contains preliminaries required for
the remaining. In Section 3, we provide sufficient conditions under which the limit of
a sequence of functions exhibits particular dynamical behaviour at a point like expan-
sivity, µ-expansivity, transitivity, mixing, Devaney chaos, shadowing, specification,
topological stability and α-persistence. In Section 4, we discuss topological nature of
the set of all points with particular dynamical property like expansivity, sensitivity,
transitivity and mixing. We provide examples to show that properties like expansiv-
ity, sensitivity, shadowing, transitivity and mixing at a point need not be preserved
under uniform convergence and properties like topological stability and α-persistence
at a point need not be preserved under pointwise convergence.
2. Preliminaries
Throughout this paper, (X, d) denotes a metric space equipped with the metric
d. We say that X is Mandelkern locally compact metric space if every bounded
subset of X is contained in a compact set, which is equivalent to saying that every
closed ball of finite radius in X is compact. It is easy to check that, such spaces are
complete. We set B(x, ǫ) = {y ∈ X : d(x, y) < ǫ}, B−(x, ǫ) = B(x, ǫ) \ {x} and
B[x, ǫ] = {y ∈ X : d(x, y) ≤ ǫ}.
We shall consider the bounded metric on X defined by d(x, y) = min{d(x, y), 1}
and the metric on the set of all continuous self maps of X defined by D(f, g) =
supx∈X d(f(x), g(x)). We say that f is a uniform equivalence, if both f and f
−1 are
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uniformly continuous. The set of all uniformly continuous maps and the set of all
uniform equivalences on X are denoted by UC(X) and UE(X) respectively.
Let f, fn ∈ UC(X) for each n ∈ N
+. Then, we recall that
(i) fn is pointwise convergent to f or fn
pc
−→ f , if for each x ∈ X and each ǫ > 0 there
exists an N(x, ǫ) = N ∈ N+ such that d(fn(x), f(x)) < ǫ, for all n ≥ N .
(ii) fn is uniformly convergent to f or fn
uc
−→ f , if for every ǫ > 0 there exists an
N(ǫ) = N ∈ N+ such that d(fn(x), f(x)) < ǫ, for all n ≥ N and for all x ∈ X .
(iii) fn is orbitally convergent to f or fn
oc
−→ f , if for every ǫ > 0 there exists an
N(ǫ) = N ∈ N+ such that d(fkn(x), f
k(x)) < ǫ, for all n ≥ N , for each x ∈ X and for
each k ∈ N+ [6, Remark 5].
A point x ∈ X is said to be an expansive (positively expansive) point of f ∈ UE(X)
(f ∈ UC(X)) if there is a δfx > 0 such that for every element y ∈ X distinct from x,
we have d(fn(x), fn(y)) > δfx for some n ∈ Z (n ∈ N) [13]. The set of all expansive
(positively expansive) points of f is denoted by E(f) (E+(f)).
A map f ∈ UE(X) is said to be expansive if for every pair of distinct points
x, y ∈ X there exists a constant δ > 0 such that d(fn(x), fn(y)) > δ, for some n ∈ Z
[15]. We set Ex(f, y, ǫ) = {n ∈ Z : d(f
n(x), fn(y)) > ǫ} and E+x (f, y, ǫ) = {n ∈ N :
d(fn(x), fn(y)) > ǫ}.
A point x ∈ X is called an atom for a measure µ if µ({x}) > 0. A measure µ on X
is said to be non-atomic if it has no atom. We call X to be non-atomic if there exists a
non-atomic Borel measure on it. Every Borel measure is assumed to be non-trivial i.e.
µ(X) > 0. Let f ∈ UE(X) (f ∈ UC(X)). Then, a Borel measure µ on X is said to be
pointwise (positively pointwise) expansive for f at x ∈ X , if there exists a δx > 0 such
that µ(Γfδx(x)) = 0 (µ(Φ
f
δx
(x)) = 0), where Γfδx(x) = {y ∈ X | d(f
n(x), fn(y)) ≤ δx,
for each n ∈ Z} and Φfδx(x) = {y ∈ X | d(f
n(x), fn(y)) ≤ δx, for each n ∈ N}. The set
of all points at which µ is pointwise (positively pointwise) expansive for f is denoted
by E(f, µ) (E+(f, µ)). If X is non-atomic, then f ∈ UE(X) (f ∈ UC(X)) is said to
be pointwise (positively pointwise) measure expansive at x ∈ X if there is a δx > 0
such that µ(Γfδx(x)) = 0 (µ(Φ
f
δx
(x)) = 0) for any non-atomic Borel measure µ. The
set of all points at which f is pointwise (positively pointwise) measure expansive is
denoted by EM(f) (EM+(f)). A map f ∈ UE(X) is said to be strongly pointwise
measure expansive at x ∈ X if there is a δx > 0 such that µ(Γ
f
δx
(x)) = µ({x}) for any
Borel measure µ on X . The set of all points at which f is strongly pointwise (strongly
positively pointwise) measure expansive is denoted by ES(f) (ES+(f)).
A point x ∈ X is said to be a sensitive point of f ∈ UC(X) if there exists a
δfx > 0 such that for every open set U containing x, there exists a y ∈ U satisfying
d(fn(x), fn(y)) > δfx , for some n ∈ N
+. The set of all sensitive points of f is denoted
by Se(f). We set Sex(f, ǫ, δ) = {(y, n) ∈ B(x, ǫ)× N
+ : d(fn(x), fn(y)) > δ}.
A map f ∈ UC(X) on X is said to have a dense set of periodic points at x ∈ X ,
if every deleted open neighbourhood of x contains a periodic point of f . The set of
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all such points with respect to f is denoted by P (f). We set P (f, x, ǫ) = {n ∈ N+ :
d(fn(x), x) < ǫ}.
For f ∈ UC(X), any open set U containing x ∈ X and any non-empty open
set V , we set N(f, x, U, V ) = {n ∈ N+ : fn(U) ∩ V 6= φ}. A point x ∈ X is
said to be a topologically transitive point of f , if for any open set U containing x
and any non-empty open set V , N(f, x, U, V ) 6= φ. A point x ∈ X is said to be
a topologically mixing point of f , if for any open set U containing x and any non-
empty open set V , N(f, x, U, V ) is cofinite. The set of all topologically transitive
(topologically mixing) points of f is denoted by T t(f) (Tm(f) respectively). We set
T t(f, x, U, V ) = {(y, n) ∈ U × N+ : fn(y) ∈ V }.
A point x ∈ X is said to be a Devaney chaotic point of f ∈ UC(X), if x ∈
T t(f) ∩ P (f) ∩ Se(f) [5]. The set of all Devaney chaotic points of f is denoted by
Dc(f).
A sequence ρ = {xi}i∈Z (ρ+ = {xi}i∈N) is said to be through a subset B of X if
x0 ∈ B. We say that ρ (ρ
+) is a δfx -pseudo orbit for f ∈ UE(X) (f ∈ UC(X)) through
x if d(f(xn), xn+1) < δ
f
x , for each n ∈ Z (n ∈ N). We say that ρ (ρ
+) is ǫ-traced by
y ∈ X through f , if d(fn(y), xn) < ǫ, for each n ∈ Z (n ∈ N). A point x ∈ X is
said to be a shadowable point (positive shadowable point) for f ∈ UE(X) (UC(X))
if for every ǫ > 0, there exists a δfx(ǫ) > 0 such that every δ
f
x(ǫ)-pseudo orbit ρ (ρ
+)
through x can be ǫ-traced. The set of all shadowable (positive shadowable) points
of f is denoted by Sh(f) (Sh+(f)). A map f ∈ UE(X) (UC(X)) has shadowing
(positive shadowing) if for every ǫ > 0, there exists a δf(ǫ) > 0 such that every
δf (ǫ)-pseudo orbit ρ (ρ+) through X can be ǫ-traced by a point in X [12]. We set
Sh(f, x, ǫ) = {δ > 0 : every δ-pseudo orbit through x for f is ǫ-traced through f by a
point in X} and Sh+(fn, x, ǫ) = {δ > 0 : every δ-pseudo orbit {xi}i∈N through x for
f is ǫ-traced through f by a point in X}.
A point x ∈ X is said to be a specification point of f ∈ UC(X) if for every ǫ > 0,
there exists a positive integer Mfx (ǫ) such that for any finite sequence x = x1, x2, ..., xk
in X and any set of integers 0 ≤ a1 ≤ b1 < a2 ≤ b2 < ... < ak ≤ bk with aj − bj−1 ≥
Mfx (ǫ), for all 1 ≤ j ≤ k, there exists a y ∈ X such that d(f
i(y), f i(xj)) < ǫ, for all
aj ≤ i ≤ bj and for all 1 ≤ j ≤ k [5]. The set of all specification points of f is denoted
by Sp(f). A map f has specification if choice of Mfx (ǫ) depends only on ǫ. We set
Sp(g, x, ǫ) = {M ∈ N+ : M corresponds to ǫ in the definition of specification point
x}.
Theorem 2.1. [1, Lemma 3.1] Let (X, d) be a compact metric space, and suppose
that the sequence of continuous functions fn : X → X, for each n ∈ N
+, con-
verges uniformly to f : X → X. Then, for given ǫ > 0 and a positive integer k
there exists a positive integer n0 (possibly depending on k) such that for all n > n0,
d(fkn(x), f
k(x)) < ǫ, for each x ∈ X.
Theorem 2.2. [5, Theorem 4.8] Let f be a continuous map on an infinite metric
space X. If x ∈ X is a topologically transitive point such that f has dense set of
periodic points at x, then x is a sensitive point of f .
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Theorem 2.3. [4, Lemma 4.1] If f : [0, 1]→ [0, 1] is continuous and has fixed points
only at the ends of the interval, then f has the shadowing property.
Theorem 2.4. [7, Lemma 3.11] Every topologically stable point of a homeomorphism
on a compact manifold of dimension atleast 2, is a shadowable point.
Theorem 2.5. [7, Lemma 3.14] Every shadowable point of a homeomorphism on a
compact metric space, is a α-persistent point.
3. Sufficient conditions to be a Dynamic point of limit
In this section, we aim to derive sufficient conditions under which the limit of a
sequence of functions exhibits particular dynamical behaviour at a point like expan-
sivity, µ-expansivity, transitivity, mixing, Devaney chaos, shadowing, specification,
topological stability etcetera. We need following notions to state and prove our main
results.
Let f, fn ∈ UC(X) for each n ∈ N
+. Then,
(i) fn is weak orbitally convergent to f or fn
woc
−−→ f , if for every pair k ∈ N+ and
ǫ > 0, there exists an N(ǫ, k) = N ∈ N+ such that d(fkn(x), f
k(x)) < ǫ, for all n ≥ N
and for each x ∈ X .
(ii) fn is pointwise weak orbitally convergent to f or fn
pwoc
−−→ f , if for every triplet x ∈
X , k ∈ N+ and ǫ > 0, there exists an N(x, ǫ, k) = N ∈ N+ such that d(fkn(x), f
k(x)) <
ǫ, for all n ≥ N .
Remark 3.1. From corresponding definitions and Theorem 2.1, we observe that every
orbitally convergent sequence is uniformly convergent, every uniformly convergent se-
quence is weak orbitally convergent, every weak orbitally convergent sequence is point-
wise weak orbitally convergent and every pointwise weak orbitally convergent sequence
is pointwise convergent.
Next examples shows that a uniformly convergent (and hence weak orbitally con-
vergent) sequence need not be orbitally convergent.
Example 3.2. Let αn be a strictly increasing sequence of positive irrationals converges
to 1. Define fn by fn(x) = xe
2πiαn , for each x ∈ S1 and for each n ∈ N+. Clearly,
fn
uc
−→ IS1, where IS1 is the identity map on S
1. Suppose that fn
oc
−→ IS1. Then, for
sufficiently small ǫ, there exists an N ∈ N+ such that d(fkn(x), x) < ǫ, for all n ≥ N ,
for all k ∈ N and for each x ∈ X implying {fkN(x) : k ∈ N} is not dense in S
1, which
is a contradiction. Hence, fn is not orbitally convergent to IS1.
Notions of α-persistent points and topologically stable points for homeomorphisms
on compact metric spaces [7] can be extended to homeomorphisms on arbitrary metric
spaces. We provide these definitions below. A point x ∈ X is said to be an α-persistent
point of f ∈ UE(X) if for every ǫ > 0 there exists a δfx(ǫ) > 0 such that for every
g ∈ UE(X) satisfying D(f, g) < δfx(ǫ), there is a y ∈ X such that d(f
n(y), gn(x)) < ǫ,
for each n ∈ Z. The set of all α-persistent points of f is denoted by Pα(f). If for
every ǫ > 0 we can choose δfx independent of choice of point x ∈ X , then we say that
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f is α-persistent. We set Pα(f, x, ǫ) = {δ > 0 : δ corresponds to ǫ in the definition of
α-persistent point x}.
A point x ∈ X is said to be a topologically (weak topologically) stable point of
f ∈ UE(X) if for every ǫ > 0, there exists a δfx(ǫ) > 0 such that for every g ∈ UE(X)
satisfying D(f, g) < δfx(ǫ), there is a continuous map h : Og(x) → X such that
f ◦ h = h ◦ g (d(fn(h(y)), gn(y)) < ǫ, for each n ∈ Z and for each y ∈ Og(x))
and d(h(y), y) < ǫ, for each y ∈ Og(x), where Og(x) = {g
n(x) : n ∈ Z}. The
set of all topologically (weak topologically) stable points of f is denoted by Ts(f)
(Wts(f)). We set Wts(f, x, ǫ) = {δ > 0 : δ corresponds to ǫ in the definition of
weak topologically stable point x}. We say that f ∈ UE(X) is topologically stable
(weak topologically stable) if for every ǫ > 0, there exists a δ > 0 such that for every
g ∈ UE(X) satisfying D(f, g) < δ, there is a continuous map h : X → X such that
f ◦ h = h ◦ g (d(fn(h(x)), gn(x)) < ǫ, for each n ∈ Z and for each x ∈ X) and
d(h(x), x) < ǫ, for each x ∈ X .
Theorem 3.3. Let {fn}n∈N+ be a sequence of uniformly continuous maps on X. If
{fn}n∈N+ is pointwise weak orbitally converging to f ∈ UC(X), then the following
statements are true:
(i) x ∈ E+(f) if and only if there exists a δ > 0 such that ∪m≥1∩n≥mE+x (fn, y, δ) 6=
φ, for each y ∈ X.
(ii) x ∈ Se(f) if and only if there exists a δ > 0 such that for every ǫ > 0,
∪m≥1 ∩n≥m Sex(fn, ǫ, δ) 6= φ.
(iii) x ∈ P (f) if and only if for every ǫ > 0, ∪z∈B−(x,ǫ)∩δ>0∪m≥1∩n≥mP (fn, z, δ) 6=
φ.
(iv) x ∈ T t(f) if and only if for every non-empty open set U containing x and
every non-empty open set V , ∪m≥1 ∩n≥m T t(fn, x, U, V ) 6= φ.
(v) x ∈ Tm(f) if and only if for every non-empty open set U containing x and
every non-empty open set V , the image of the projection map P : ∪m≥1 ∩n≥m
T t(fn, x, U, V )→ N
+, is cofinite.
(vi) If fn, f ∈ UE(X) for each n ∈ N
+ and f−1n
pwoc
−−→ f−1, then x ∈ E(f) if and
only if there exists a δ > 0 such that ∪m≥1 ∩n≥m Ex(fn, y, δ) 6= φ, for each
y ∈ X.
Proof. Suppose that {fn}n∈N+ is a sequence of uniformly continuous maps on X point-
wise weak orbitally converging to f ∈ UC(X):
(i) Let x ∈ E+(f) with pointwise expansivity constant δfx > 0 and choose y ∈ X .
Fix k(y) = k ∈ N such that d(fk(x), fk(y)) > δfx . Since fn
pwoc
−−→ f , we
have fkn
pc
−→ fk. Choose N(y) = N ∈ N+ such that d(fkn(z), f
k(z)) < δ
f
x
3
, for
all z ∈ {x, y} and for all n ≥ N . Note that, d(fkn(x), f
k
n(y)) >
δ
f
x
3
, for all
n ≥ N implying k ∈ ∩n≥NE+x (fn, y,
δ
f
x
3
). Since y is chosen arbitrarily, we have
∪m≥1 ∩n≥m E+x (fn, y,
δ
f
x
3
) 6= φ, for each y ∈ X .
Conversely, choose δ > 0 such that ∪m≥1 ∩n≥m E+x (fn, y, δ) 6= φ, for each
y ∈ X . Let y ∈ X , M(y) = M ∈ N+ such that ∩n≥ME+x (fn, y, δ) 6= φ
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and p ∈ ∩n≥ME+x (fn, y, δ). Since fn
pwoc
−−→ f , we have f pn
pc
−→ f p. Choose
N(p) = N ≥ M such that d(f pn(z), f
p(z)) < δ
3
, for all z ∈ {x, y} and for all
n ≥ N . Then we must have d(f p(x), f p(y)) > δ
3
. Since δ does not depends on
y, we get that x ∈ E+(f) with pointwise expansivity constant δ
3
.
(ii) Proof is similar to the proof of part (i).
(iii) Let x ∈ P (f). For given ǫ > 0, assume that y ∈ B−(x, ǫ) is a periodic
point of period k ∈ N+. Since fn
pwoc
−−→ f , we have fkn
pc
−→ fk. Therefore
for given δ > 0, we can choose N ∈ N+ such that d(fkn(y), y) < δ, for all
n ≥ N . Hence k ∈ P (fn, y, δ) for all n ≥ N implying k ∈ ∩n≥NP (fn, y, δ)
i.e. k ∈ ∪m≥1 ∩n≥m P (fn, y, δ). Since δ is chosen arbitrarily, k ∈ ∪m≥1 ∩n≥m
P (fn, y, δ) for each δ > 0 implying k ∈ ∩δ>0 ∪m≥1 ∩n≥mP (fn, y, δ) and hence
∪z∈B−(x,ǫ) ∩δ>0 ∪m≥1 ∩n≥m P (fn, z, δ) 6= φ.
Conversely, for given ǫ > 0 assume that ∪z∈B−(x,ǫ)∩δ>0∪m≥1∩n≥mP (fn, z, δ) 6=
φ. Choose y ∈ B−(x, ǫ) and k ∈ N+ such that k ∈ ∪m≥1 ∩n≥m P (fn, y, δ),
for each δ > 0. Thus every δ-ball centred at y contains a tail of sequence
{fkn(y)}n∈N+ implying f
k
n(y) converges to y. Since f
k
n
pc
−→ fk, we have fk(y) = y.
Since ǫ is chosen arbitrarily, x ∈ P (f).
(iv) Let x ∈ T t(f). Then, for given non-empty open set U containing x and non-
empty open set V , there exists a k ∈ N+ satisfying fk(U)∩V 6= φ. Thus we can
choose y ∈ U such that fk(y) ∈ V . Since fkn
pc
−→ fk, there exists an N ∈ N+
such that fkn(y) ∈ V , for all n ≥ N . Hence (y, k) ∈ ∩n≥NT t(fn, x, U, V )
implying ∪m≥1 ∩n≥m T t(fn, x, U, V ) 6= φ.
Conversely, choose non-empty open set U containing x and non-empty open
set V . Let y ∈ U , z ∈ V and ǫ > 0 such that B(y, ǫ) ⊂ U and B(z, ǫ) ⊂ V . Set
U ′ = B(y, ǫ
4
) and V ′ = B(z, ǫ
4
). By assumption, choose w ∈ U ′ and k,N ∈ N+
such that (w, k) ∈ ∩n≥NT t(fn, x, U ′, V ′). Since fkn
pc
−→ fk, choose M ∈ N+
such that d(fkn(w), f
k(w)) < ǫ
4
, for all n ≥ M . Thus for all n ≥ max{N,M},
d(fkn(w), z) <
ǫ
4
and d(fkn(w), f
k(w)) < ǫ
4
. Hence fk(w) ∈ B(z, ǫ
2
) ⊂ V
implying fk(U) ∩ V 6= φ. Since U and V are chosen arbitrarily, we get that
x ∈ T t(f).
(v) Let x ∈ Tm(f). Then for given non-empty open set U containing x and non-
empty open set V , there exists a k ∈ N+ satisfying f r(U) ∩ V 6= φ, for all
r ≥ k. Hence for each r ≥ k, we can choose yr ∈ U such that f
r(yr) ∈ V .
Since f rn
pc
−→ f r for each r ≥ k, there exists an Nr ∈ N
+ such that f rn(yr) ∈ V ,
for all n ≥ Nr and for each r ≥ k. Thus (yr, r) ∈ ∩n≥NrT t(fn, x, U, V ) for each
r ≥ k implying (yr, r) ∈ ∪m≥1 ∩n≥m T t(fn, x, U, V ) 6= φ, for each r ≥ k i.e.
the image of P contains {r ∈ N+ : r ≥ k}. Hence the image of the projection
map P is cofinite.
Conversely, choose non-empty open set U containing x and non-empty open
set V . Let y ∈ U , z ∈ V and ǫ > 0 such that B(y, ǫ) ⊂ U and B(z, ǫ) ⊂ V .
Set U ′ = B(y, ǫ
4
) and V ′ = B(z, ǫ
4
). Suppose that the image of the projection
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map P : ∪m≥1 ∩n≥m T t(fn, x, U ′, V ′) → N+ is cofinite. Thus there exists a
k ∈ N+ such that {r ∈ N+ : r ≥ k} is contained in the image of P . For each
r ≥ k, choose yr ∈ U
′ such that (yr, r) ∈ ∪m≥1∩n≥mT t(fn, x, U ′, V ′). For each
r ≥ k, fix Nr ∈ N
+ such that (yr, r) ∈ ∩n≥NrT t(fn, x, U
′, V ′). Since f rn
pc
−→ f r,
choose Mr ∈ N
+ such that d(f rn(yr), f
r(yr)) <
ǫ
4
, for all n ≥ Mr and for each
r ≥ k. Set Qr = max{Nr,Mr}. Thus for each r ≥ k, d(f
r
n(yr), z) <
ǫ
4
and
d(f rn(yr), f
r(yr)) <
ǫ
4
, for all n ≥ Qr. Hence f
r(yr) ∈ B(z,
ǫ
2
) ⊂ V , for each
r ≥ k implying f r(U) ∩ V 6= φ for all r ≥ k. Hence x ∈ Tm(f).
(vi) Proof is similar to the proof of part (i).

Corollary 3.4. Let {fn}n∈N+ be a sequence of uniformly continuous maps on an
infinite metric space X. If {fn}n∈N+ is pointwise weak orbitally converging to f ∈
UC(X), then x ∈ Dc(f) if and only if the following conditions holds:
(1) For every ǫ > 0, ∪z∈B−(x,ǫ) ∩δ>0 ∪m≥1 ∩n≥m P (fn, z, δ) 6= φ.
(2) For every non-empty open set U containing x and every non-empty open set
V , ∪m≥1 ∩n≥m T t(fn, x, U, V ) 6= φ.
Proof. Proof follows from Theorem 2.2, Theorem 3.3(iii) and Theorem 3.3(iv). 
Theorem 3.5. Let {fn}n∈N+ be a sequence of uniformly continuous maps on X. If
{fn}n∈N+ is pointwise weak orbitally converging to map f ∈ UC(X) and µ is a non-
atomic Borel measure on X, then the following statements are true:
(i) x ∈ E+(f, µ) if and only if there exists a δ > 0 such that µ({y ∈ X : ∪m≥1∩n≥m
E+x (fn, y, δ) = φ}) = 0.
(ii) x ∈ EM+(f) if and only if there exists a δ > 0 such that ν({y ∈ X : ∪m≥1∩n≥m
E+x (fn, y, δ) = φ}) = 0, for every non-atomic Borel measure ν on X.
(iii) x ∈ ES+(f) if and only if there exists a δ > 0 such that ν({y ∈ X : ∪m≥1∩n≥m
E+x (fn, y, δ) = φ}) = µ(x), for every Borel measure ν on X.
(iv) If fn, f ∈ UE(X), for each n ∈ N
+ and f−1n
pwoc
−−→ f−1, then
(a) x ∈ E(f, µ) if and only if there exists a δ > 0 such that µ({y ∈ X :
∪m≥1 ∩n≥m Ex(fn, y, δ) = φ}) = 0.
(b) x ∈ EM(f) if and only if there exists a δ > 0 such that ν({y ∈ X :
∪m≥1 ∩n≥m Ex(fn, y, δ) = φ}) = 0, for every non-atomic Borel measure ν on
X.
(c) x ∈ ES(f) if and only if there exists a δ > 0 such that ν({y ∈ X :
∪m≥1 ∩n≥m Ex(fn, y, δ) = φ}) = µ(x), for every Borel measure ν on X.
Proof. Following the steps as in the proof of Theorem 3.3(i), it is easy to check that for
every δ > 0 and fixed x ∈ X we have Φfδ
3
(x) ⊂ {y ∈ X : ∪m≥1∩n≥mE+x (fn, y, δ) = φ},
{y ∈ X : ∪m≥1 ∩n≥m E+x (fn, y,
δ
3
) = φ} ⊂ Φfδ (x), Γ
f
δ
3
(x) ⊂ {y ∈ X : ∪m≥1 ∩n≥m
Ex(fn, y, δ) = φ} and {y ∈ X : ∪m≥1 ∩n≥m Ex(fn, y, δ3) = φ} ⊂ Γ
f
δ (x). Now, proofs of
(i), (ii), (iii) and (iv) follow using above relations. 
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Theorem 3.6. Let {fn}n∈N+ be a sequence of uniformly continuous maps on X. If
{fn}n∈N+ is orbitally converging to f ∈ UC(X), then the following statements are
true:
(i) x ∈ Sh+(f) if and only if for every ǫ > 0, ∪m≥1 ∩n≥m Sh+(fn, x, ǫ) 6= φ.
(ii) x ∈ Sp(f) if and only if for every ǫ > 0, ∪m≥1 ∩n≥m Sp(fn, x, ǫ) 6= φ.
Proof. Suppose that {fn}n∈N+ is a sequence of uniformly continuous maps on X or-
bitally converging to f ∈ UC(X).
(i) Let x ∈ Sh+(f). For given ǫ > 0, choose 0 < δ < ǫ such that every δ-pseudo
orbit for f can be ǫ
2
-traced through f by some point ofX . Choose N ∈ N+ such
that d(fmn (y), f
m(y)) < δ
2
, for all n ≥ N , for each y ∈ X and for each m ∈ N+.
Let us fix k ≥ N and let γ = {xi}i∈N be a δ2 -pseudo orbit for fk through x.
Since d(f(xi), xi+1) ≤ d(f(xi), fk(xi))+d(fk(xi), xi+1) < δ for all i ∈ N, we get
that γ is a δ-pseudo orbit for f . Hence there exists a z ∈ X which ǫ
2
-traces γ
through f . Therefore, d(f ik(z), xi) ≤ d(f
i
k(z), f
i(z)) + d(f i(z), xi) <
ǫ
2
+ ǫ
2
= ǫ,
for each i ∈ N. Hence γ can be ǫ-traced through fk. Since k and γ are chosen
arbitrary, for all n ≥ N , every δ
2
-pseudo orbit through x for fn can be ǫ-traced
through fn implying
δ
2
∈ ∩n≥NSh+(fn, x, ǫ) i.e. ∪m≥1 ∩n≥m Sh+(fn, x, ǫ) 6= φ.
Since ǫ is chosen arbitrarily, ∪m≥1 ∩n≥m Sh+(fn, x, ǫ) 6= φ.
Conversely, for given ǫ > 0, suppose that ∪m≥1 ∩n≥m Sh+(fn, x, ǫ2) 6= φ.
Choose N ∈ N+ and δ > 0 such that for each n ≥ N , every δ-pseudo orbit
through x for fn can be
ǫ
2
-traced through fn by some point of X . Choose
M ≥ N such that d(fmn (y), f
m(y)) < δ
2
, for all n ≥M , for each y ∈ X and for
each m ∈ N+. Let γ = {xi}i∈N be a δ2 -pseudo orbit for f through x. Clearly, γ
is a δ-pseudo orbit for fM through x and hence can be
ǫ
2
-traced by some z ∈ X
through fM . It is easy to check that, γ can be ǫ-traced by z ∈ X through f .
Hence x ∈ Sh+(f).
(ii) Let x ∈ Sp(f). For given ǫ > 0, choose M ∈ N+ corresponding to ǫ
3
as in the
definition of specification point. Choose N ∈ N+ such that d(fmn (y), f
m(y)) <
ǫ
3
, for all n ≥ N , for each y ∈ X and for each m ∈ N+. Choose a finite
sequence x = x1, x2, ..., xk in X and any set of integers 0 ≤ a1 ≤ b1 < a2 ≤
b2 < ... < ak ≤ bk with aj − bj−1 ≥ M , for all 1 ≤ j ≤ k. Choose y ∈ X such
that d(f i(y), f i(xj)) <
ǫ
3
, for all aj ≤ i ≤ bj and for all 1 ≤ j ≤ k. Note that,
d(f in(y), f
i
n(xj)) < ǫ, for all aj ≤ i ≤ bj , for all 1 ≤ j ≤ k and for all n ≥ N .
Hence M ∈ ∩n≥NSp(fn, x, ǫ) implying ∪m≥1 ∩n≥m Sp(fn, x, ǫ) 6= φ. Since ǫ is
chosen arbitrarily, we get the conclusion.
Conversely, for given ǫ > 0, suppose that ∪m≥1 ∩n≥m Sp(fn, x, ǫ3) 6= φ.
Choose N ∈ N+ such that d(fmn (y), f
m(y)) < ǫ
3
, for all n ≥ N , for each y ∈ X
and for each m ∈ N+. Choose K,M ∈ N+ such that for all n ≥ K, any finite
sequence x = x1, x2, ..., xk in X and any set of integers 0 ≤ a1 ≤ b1 < a2 ≤
b2 < ... < ak ≤ bk with aj − bj−1 ≥ M , for all 1 ≤ j ≤ k, there exists yn ∈ X
such that d(f in(yn), f
i
n(xj)) <
ǫ
3
, for all aj ≤ i ≤ bj , for all 1 ≤ j ≤ k and
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for all n ≥ K. Set Q = max{N,K}. Note that, d(f i(yQ), f
i(xj)) < ǫ, for all
aj ≤ i ≤ bj and for all 1 ≤ j ≤ k. Since ǫ is chosen arbitrarily, x ∈ Sp(f).

Lemma 3.7. Let f ∈ UE(X) be expansive on a Mandelkern locally compact space
X. If x ∈ X, then the following statements are equivalent:
(i) x is a topologically stable point.
(ii) x is a weak topologically stable point.
(iii) x is an α-persistent point.
Proof. Let f be expansive with expansivity constant c. We claim that, for each x ∈ X
and for each ǫ > 0, there exists an N = N(x, ǫ) ∈ N such that sup|n|≤N d(f
n(x), fn(y))
≤ c implies that d(x, y) < ǫ. Otherwise, choose a pair x ∈ X and ǫ > 0 such that
for each N ∈ N there exists an xN ∈ X satisfying sup|n|≤N d(f
n(x), fn(xN )) ≤ c and
d(x, xN ) ≥ ǫ. Since B[x, c] is compact, we can assume that xN → x
′, for some x′ ∈ X .
Therefore, d(fn(x), fn(x′)) ≤ c, for each n ∈ Z and d(x, x′) ≥ ǫ, which contradicts the
expansivity of f and hence the claim follows. Now, proof of (i)⇒(ii) and (ii)⇒(iii)
follows from corresponding definitions. Recall that, if Y and Z are metric spaces
such that Z is complete, S is dense in Y and k : S → Z is continuous, then k can
be extended to a continuous function K : Y → Z. Since every Mandelkern locally
compact space is complete, one can use the above claim and follow similar steps as in
the proof of [7, Lemma 3.15] to show that (iii) ⇒ (i). 
Theorem 3.8. Let {fn}n∈N+ be a sequence of uniform equivalences in X such that
fn
oc
−→ f and f−1n
oc
−→ f−1, where f ∈ UE(X). Then, the following statements are true:
(i) x ∈ Sh(f) if and only if for every ǫ > 0, ∪m≥1 ∩n≥m Sh(fn, x, ǫ) 6= φ
(ii) x ∈ Pα(f) if and only if for every ǫ > 0, ∪m≥1 ∩n≥m Pα(fn, x, ǫ) 6= φ.
(iii) x ∈ Wts(f) if and only if for every ǫ > 0, ∪m≥1 ∩n≥m Wts(fn, x, ǫ) 6= φ.
(iv) If f is expansive and X is Mandelkern locally compact, then x ∈ Ts(f) if and
only if for every ǫ > 0, ∪m≥1 ∩n≥m Wts(fn, x, ǫ) 6= φ.
Proof. Suppose that {fn}n∈N+ is a sequence of uniform equivalences in X such that
fn
oc
−→ f and f−1n
oc
−→ f−1, where f is a uniform equivalence on X .
(i) Proof is similar to the proof of Theorem 3.6(i).
(ii) Let x ∈ Pα(f) and fix 0 < ǫ < 1. Choose 0 < δ < ǫ, such that δ corresponds
to ǫ
2
as in the definition of α-persistent points. Since fn
oc
−→ f and f−1n
oc
−→ f−1,
choose N ∈ N+ such that d(f in(y), f
i(y)) < δ
2
and d(f−in (y), f
−i(y)) < δ
2
, for
all n ≥ N , for each y ∈ X and for each i ∈ N+. Fix k ≥ N and choose
a uniform equivalence gk, such that D(fk, gk) <
δ
2
. Clearly, D(f, gk) < δ
and hence there is a y ∈ X such that d(fn(y), gnk (x)) <
ǫ
2
, for each n ∈ Z.
Note that, d(fnk (y), g
n
k (x)) < ǫ, for each n ∈ Z. Since k is chosen arbitrarily,
∩n≥NPα(fn, x, ǫ) 6= φ implying ∪m≥1 ∩n≥m Pα(fn, x, ǫ) 6= φ. Since ǫ is chosen
arbitrary, we get the conclusion.
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Conversely, fix 0 < ǫ < 1. Choose N ∈ N+ and 0 < δ < ǫ such that
δ ∈ ∩n≥NPα(fn, x, ǫ2). Since fn
oc
−→ f and f−1n
oc
−→ f−1, fix M ≥ N such
that d(f in(y), f
i(y)) < δ
2
and d(f−in (y), f
−i(y)) < δ
2
, for all n ≥ M , for each
y ∈ X and for each i ∈ N+. Choose a uniform equivalence g, such that
D(f, g) < δ
2
. Clearly D(fM , g) < δ and hence there is a y ∈ X such that
d(fnM(y), g
n(x)) < ǫ
2
, for each n ∈ Z. Note that, d(fn(y), gn(x)) < ǫ, for each
n ∈ Z. Since ǫ is chosen arbitrary, x ∈ Pα(x).
(iii) Proof is similar to the proof of (ii).
(iv) Using Lemma 3.7 and (iii), we get the result.

4. Examples
We now discuss the topological nature of the set of all points with particular dy-
namical property like expansivity, sensitivity, transitivity etc. Particularly, the next
example shows that the set of all expansive, positively expansive and sensitive points
are neither open nor closed in general and the set of all points with dense set of pe-
riodic points in its neighbourhood, topologically transitive and topologically mixing
points need not be an open set in general.
Example 4.1. Let X = [0, 1] be equipped with the Euclidean metric. For each k ∈ N+,
Pk denotes the mid-point of [
1
k+1
, 1
k
], Qk denotes the mid point of [
1
k+1
, Pk] and Rk
denotes the mid point of [Pk,
1
k
]. Consider piecewise linear maps f, g ∈ UE(X) defined
as follows:
f(0) = 0, f( 1
n
) = 1
n
, f(Pn) = Qn, for each n ∈ N
+
g(0) = 0, g( 1
n
) = 1
n
, g(P2n) = R2n, g(P2n−1) = Q2n−1 for each n ∈ N+
Define a homeomorphism h on X by h(x) = x2 for each x ∈ X. Then,
(1) E+(g) = { 1
2n−1 : n ∈ N
+} and E(f) = { 1
n
: n ∈ N+} = Se(f).
(2) Since 0 /∈ E(f), Se(f), E+(g), set of all expansive points, positively expansive
points and sensitive points are neither closed nor open in general.
(3) Since P (f) = {0}, P (f) need not be an open set in general.
(4) Since 0 ∈ P (f) \ T t(f), Theorem 2.2 is not true if point is not transitive.
(5) Since T t(h) = {1} = Tm(h), set of all topologically transitive points and
topologically mixing points need not be open in general.
Remark 4.2. For any map f ∈ UC(X), P (f), T t(f) and Tm(f) are closed sets.
Through Example 4.3 - Example 4.9, we show that the expansive, positively ex-
pansive, sensitive, denseness of periodic points in its neighbourhood, topologically
transitive, topologically mixing, shadowing and positive shadowing nature of a point
under a sequence of function can not be transfer to its uniform limit. Through Ex-
ample 4.13, we show that the topological stability, weak topological stability and
α-persistence nature of a point under a sequence of functions can not be transfer to
its pointwise limit.
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Example 4.3. Let X = [0, 1] be equipped with the Euclidean metric. Consider a
sequence {yn}n∈N+, where y1 = 34 and yn =
yn−1+1
2
, for all n ≥ 2. For each n ∈ N+,
consider piecewise linear maps fn ∈ UE(X) defined as follows:
fn(0) = 0, fn(yn) = yn+1, fn(1) = 1
It is easy to check that, E(fn) = {0, 1}, E
+(fn) = {0} = Se(f) and Sh(fn) = X,
for each n ∈ N+. Since fn
uc
−→ IX , where IX is the identity map on X, the nature
of expansivity, positive expansivity, sensitivity and shadowing of a point can not be
transfer to uniform limits.
Example 4.4. Let X = [0, 1] be equipped with the Euclidean metric. For each n ∈ N+,
consider piecewise linear maps fn ∈ UE(X) and f ∈ UE(X) defined as follows:
fn(0) = 0, fn(
1
n+ 1
) =
1
n+ 1
, fn(
3
4
) =
7
8
, fn(1) = 1
f(0) = 0, f(
3
4
) =
7
8
, f(1) = 1
It is easy to check that, E(fn) = {1}, E
+(fn) = φ and P (fn) = [0,
1
n+1
], for each
n ∈ N+. Since fn
uc
−→ f , E(f) = {0, 1}, E+(f) = {0} and P (f) = φ. Sequence of
functions fn are neither expansive at x = 0 nor positively expansive at x = 1 but its
limit f is expansive at x = 0 and positively expansive at x = 1. Also, 0 /∈ Sh(fn),
for each n ∈ N but 0 ∈ Sh(f). Thus, a point which is not an expansive (positively
expansive, shadowable) point of a sequence of functions can be an expansive (positively
expansive, shadowable) point of its uniform limit. Since 0 ∈ P (fn), for all n ≥ 1 but
0 /∈ P (f), the nature of denseness of periodic points in a neighbourhood of a point can
not be transfer to uniform limits.
Example 4.5. Let X = [0, 1] be equipped with the Euclidean metric. For each k ∈ N+,
Pk denotes the mid-point of [0,
1
k+1
] and Qk denotes the mid point of [0, Pk]. For each
n ∈ N+, consider piecewise linear maps fn ∈ UE(X) and f ∈ UE(X) defined as
follows:
fn(0) = 0, fn(Pn) = Qn, fn(
1
n + 1
) =
1
n+ 1
, fn(
3
4
) =
7
8
, fn(1) = 1
f(0) = 0, f(
3
4
) =
7
8
, f(1) = 1
It is easy to check that, Se(fn) = {
1
n+1
} and Se(f) = {0}, for each n ∈ N+. Clearly,
fn
uc
−→ f . Sequence of functions fn is not sensitive at x = 0 but its uniform limit f
is sensitive at x = 0. Thus, a point which is not a sensitive point of a sequence of
functions can be a sensitive point of its uniform limit.
Example 4.6. Let αn be a strictly increasing sequence of positive irrationals converges
to 1 and let βn be a strictly increasing sequence of positive rationals converges to
1√
2
.
Define fn, gn and g on S
1 by fn(x) = xe
2πiαn , gn(x) = xe
2πiβn and g(x) = xe
2πi 1√
2 for
each x ∈ S1 and for each n ∈ N+. Clearly, fn
uc
−→ IS1, where IS1 is the identity map
on S1 and gn
uc
−→ g. Note that, T t(fn) = X = T t(g) and T t(f) = φ = T t(gn), for
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each n ∈ N+. Therefore, transitivity and mixing nature of a point can not be transfer
to uniform limits and a point which is not a transitive (mixing) point of a sequence
of functions can be a transitive (mixing) point of its uniform limit.
Example 4.7. Let X = [0, 1] be equipped with the Euclidean metric. For each n ∈ N+,
consider piecewise linear maps fn ∈ UC(X) and f ∈ UE(X) defined as follows:
fn(0) = 0, fn(
1
2
) =
1
4
, fn(1) =
n
n+ 1
f(0) = 0, f(
1
2
) =
1
4
, f(1) = 1
Clearly, fn
uc
−→ f . Since T t(fn) = φ = Tm(fn) and T t(f) = {1} = Tm(f), a point
which is not a transitive (mixing) point of a sequence of functions can be a transitive
(mixing) point of its uniform limit.
Example 4.8. Let X = [0, 1] be equipped with the Euclidean metric. For each n ∈ N+,
consider piecewise linear maps fn ∈ UC(X) defined as follows:
fn(0) = 0, fn(
n
n+ 1
) = 1, fn(1) = 1
Clearly fn
uc
−→ IX , where IX is the identity map on X. Using Theorem 2.3, we get
Sh+(fn) = X but Sh
+(IX) = φ. Hence, positive shadowable nature of a point can not
be transfer to uniform limits.
Example 4.9. Let X = [0, 1] be equipped with the Euclidean metric. For each n ∈ N+,
consider piecewise linear maps fn ∈ UC(X) and f ∈ UE(X) defined as follows:
fn(0) =
1
2(n+ 1)
, fn(
1
n+ 1
) =
1
n + 1
, fn(
3
4
) =
7
8
, fn(1) = 1
f(0) = 0, f(
3
4
) =
7
8
, f(1) = 1
Clearly, fn
uc
−→ f . From [4, Example 4.2] and Theorem 2.3, we get Sh+(fn) = φ and
Sh+(f) = X. Thus, a point which is not a positive shadowable point of a sequence of
functions can be a positive shadowable point of its uniform limit.
Proposition 4.10. Let f ∈ UC(X) be surjective map on an unbounded metric space
X. If f is equicontinuous, then Sp(f) = φ.
Proof. Let ǫ > 0. Being an unbounded metric space, X can not be cover by finitely
many balls of radius ǫ. By equicontinuity of f , choose 0 < δ < ǫ such that d(x, y) < δ
implies d(fn(x), fn(y)) < ǫ, for all x, y ∈ X and for each n ∈ N. Let x ∈ Sp(f)
and fix N = Mfx (δ) ∈ N
+. Choose a sequence 0 = a1 = b1 < a2 = N = b2 and
yN ∈ X satisfying d(f
N(x), fN(yN)) > 2ǫ. By specification at x, there exists a z ∈ X
satisfying d(x, z) < δ and d(fN(z), fN(yN)) < δ. Hence d(f
N(x), fN(yN)) < 2ǫ, a
contradiction. 
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Example 4.11. Let X = R and Y = [0, 1) be equipped with the Euclidean metric.
Define sequence of maps gn : X → X by gn =
1
2n
x, for each x ∈ X and for each
n ∈ N+. Define hn : Y → Y by hn(y) = y
n, for each y ∈ Y and for each n ∈ N+.
(1) Clearly, gn
pc
−→ g where g(x) = 0, for each x ∈ X and hn
pc
−→ h, where h(y) = 0,
for each y ∈ Y .
(2) From Proposition 4.10, Sp(gn) = φ, for each n ∈ N
+ but Sp(g) = X. Thus,
a point which is not a specification point of a sequence of functions can be a
specification point of its pointwise limit.
(3) Since Sp(g) = X, we can not drop surjectivity in Proposition 4.10.
(4) Since Tm(hn) = φ, for all n ≥ 0 and every specification point of a continuous
surjective map f on X is a topologically mixing point [5, Theorem 4.5], we
get Sp(hn) = φ, for all n ≥ 0. Since h has specification property, even on
a bounded space, a point which is not a specification point of a sequence of
functions can be a specification point of its pointwise limit.
Proposition 4.12. Let X = R be equipped with the Euclidean metric. For every
f ∈ UE(X), Wts(f) ⊂ Sh(f) ⊂ Pα(f).
Proof. Using the fact that X is a Mandelkern locally compact metric space without
isolated points, one can follow steps as in the proofs of [16, Lemma 8], [16, Lemma 9]
and [16, Lemma 10] to prove statements (i), (ii) and (iii) respectively:
(i) Suppose that f has the following property: for each ǫ > 0, there exists a
δ > 0, such that if every finite sequence {x0. . . xk} of points of X satisfies
d(T (xn, xn+l) < δ, for all 0 ≤ n ≤ k − 1, then there exists a x ∈ X with
d(T n(x), xn) < ǫ, for all 0 ≤ n ≤ k − 1. Then, f has the shadowing property.
(ii) Let k ≥ 0 be an integer. Let α > 0 and η > 0 be given. Then for any set of
points {x0, xl,. . . , xk} with d(T (xi), xi+1) < α for all 0 ≤ i ≤ k − 1, there
exists a set of points {x′0, x
′
1,. . .x
′
i} such that d(xi, x
′
i) < η for all 0 ≤ i ≤ k,
d(T (x′i), x
′
i+1) < 2α for all 0 ≤ i ≤ k − 1 and x
′
i 6= x
′
j , if i 6= j for all 0 ≤ i ≤ k
and for all 0 ≤ j ≤ k.
(iii) For any finite collection {(pi, qi) ∈ X × X : i = 1, ..., m} specified together
with 0 < δ < 1
2π
such that d(pi, qi) < δ, for all 1 ≤ i ≤ m, pi 6= pj and
qi 6= qj whenever i 6= j, there exists a uniform equivalence f on X such that
D(f, id) < 2πδ and f(pi) = qi, for all 1 ≤ i ≤ m.
Using similar steps as in the proof of Theorem 2.4, one can show thatWts(f) ⊂ Sh(f).
One can follow steps as in the proof of Theorem 2.5 to obtain the last inclusion. 
Example 4.13. Let X = R be equipped with the Euclidean metric. Define a sequence
of maps fn =
n+2
n+1
x, for each x ∈ X and for each n ∈ N+. Clearly, fn
pc
−→ IX , the
identity map on X. From Proposition 4.12 and Lemma 3.7, we get that Sh(fn) =
Ts(fn) = X =Wts(fn) = Pα(fn), for each n ∈ N
+. Since Sh(IdX) = Ts(IdX) = φ =
Wts(IdX) = Pα(IdX), topologically stable, weak topologically stable and α-persistent
nature of a point can not be transfer to pointwise limits.
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